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Frequency Conversion With Nonlinear Reactance 

Chester H. Page 

A lossless nonlinear impedance subject to an almost periodic voltage (sum of sinusoids) 
will absorb power at some frequencies and supply power at other frequencies. Necessary 
and sufficient relations among these powers are found. It is shown that simple cubic capaci- 
tors (Q oc V 3 ) are sufficient for producing any possible conservative modulation or distortion 
process. 

1. General Considerations 

Let there be a set of linearly related positive frequencies co iy the relations being expressible as 

«i=Sfc««j> (!) 

with the k tj rational numbers. Some of these frequencies (base frequencies) can be inde- 
pendently chosen, and the remaining ones (derived frequencies) expressed by 

Wdi = S m <i W &^ ( 2 ) 

i 
or, in matrix notation, 

si d =Mn b . (3) 

It is possible to have the w, comprise subsets such thai 

q¥>=mwqp i=i ... 7i, (4) 

but this represents a highly artificial case in practice. 

Let the power absorbed by the nonlinear reactor at frequency co* be P tj and for convenience 
let#-P</»,. 

Now 

SPi"S^«=S#*«>i+Si%«« (5) 

i i i i 

= (f & +fUf)Q & , 
and in the case where the a> comprise subsets: 

JZPi^mn+WM*)^,. (50 

i J 

But for a lossless device, ^,Pi=0 for all choices of the independent (base) frequencies, so 

(W'+W^'O^-O allj (6a) 

and 

P^+f^M^O. allj (6b) 

From (6a), ^LjP { i J) = Q, so power is conserved for each subset of related frequencies, as well 
1 

as in toto. Henceforward we shall drop the superscript (j) for convenience, rewriting (6b) as 

f s +iM/=o. (7) 
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Hence the power at each base frequency is determined by the set of powers at the derived 
frequencies. Ordinarily, the base frequencies are taken as the incommensurate frequencies of 
the sources; the derived frequencies, those of the sinks. Hence the distribution of power load 
among the sources is fixed by the power dissipated in the sinks. Expanding (7) into its com- 
ponents: 

^+2^' m "= all i. 



Expressing all Uj in terms of the base frequencies: 

3 

so that the Z t; =m z7 for co* a derived frequency, and l tj = 

U %=j 
for cot a base frequency. 

ThenP 6; - = X)^Wz7 an d (8) becomes 

i i i 

or 



(8) 



(9) 



^P 4 Z»M=^ -(Pila /z^»«»* \ =0, all j. 



(10) 



(11) 



Because the subscript j refers to base frequencies in the above, there are as many independent 
relations (11) among the P t as there are base frequencies. For the particular case of two base 
frequencies, and the l {j restricted to integers, equations (11) become equations (24) and (25) 
given by Alanley and Rowe. 1 The result, however, is a necessary consequence of conser- 
vation of energy in any lossless system, and includes subharmonic combination frequencies. 
For further results, it is convenient to re-express the linear dependence among frequencies 
without reference to the choice of base: 



or 



Ett=0 



(12) 
(12a) 



with all e tJ integers. 

If there are B base frequencies, and D derived frequencies, then M (eq(3)) is a DXB matrix 
of rational numbers. Let the least common denominator of the first row of M be en; of the 
second row, * 12 ] etc., up to e DD . Then, premultiplying (3) by the nonsingular diagonal matrix, 



?.= 



«n 



o 



*DD 



3 7 ields 



or 






(13) 
(13a) 

(14) 



i J. M. Manley and H. E. Rowe, Some general properties of nonlinear elements. I: General energy relations, Proc. IRE 44, 904-913 (1956). 



228 



where 



D B 



£=£> 



6\ 02 





1 


D 


co d 


B 


0) b 



The matrix JS. just defined is a minimal matrix of the type E in (12) ; it contains no redundant 
relations among the w. We make the notational distinction because later on we shall need 
an E containing redundancies. 

Because l&i is nonsingular, (13) can be solved for 



and (7) rewritten as 



Let ^i=|l^f ', a 1XZ> (row) matrix. Then 

D B 



(15) 



(16a) 

(16b) 

(17) 



where 



f=l i J A 01 



The relation (17) (with Ji defined by (14)) is not only necessary for conservation of power, 
but it is also sufficient for, by (14), 

i 

Equation (17) also yields insight into the nature of the frequency mixing process, for (17) is 
equivalent to 

Pi=ui52ih n e niy (18) 

n 

and defining 

± in == ^ J n^ni^ij 

we have 

Pi=l¥>in (19a) 



SP<»=0, 



(19b) 



so that if P in is considered as the power absorbed at u t in the nt\\ "mixing process/' the total 
power Pi is the net result of a set of conservative mixing processes. In any particular process, 
power is absorbed at those frequencies for which h n and e ni are of the same sign (positive 
resistance presented to the ith source) and power is delivered at those frequencies for which 
e ni is of the opposite sign (negative resistance presented). 
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We also note that if we consider all frequencies involving a given base, the sum of the corre- 
sponding powers vanishes. For, from (2), the derived frequencies associated with the jth base 
are 

and from (8), 

i 

hence 

o=^8i« w +S^8<™<i«w ( 19c > 

i 

i i 

The equivalent conditions (7) and (17) are not only necessary in the generation of modulation 
and distortion products by lossless devices, they are also sufficient. That is, for any given 
M and 0%, a suitable nonlinear network can be found. To prove sufficiency, we first need 
detailed relations for the behavior of a nonlinear reactor. A capacitor will be used in the 
analysis, but an inductor would be equivalent with suitable changes of notation. 

2. The Mixing Process 

Let the voltage 

M 

V=Sa,cosM+0,) (20) 

i 

be impressed on the nonlinear capacitance 

Q=CV N , C>0. 

Let /3 z =co^+^ for convenience. 
Then 

/ M \N / M \N 

Q = CV N =C[^a i cos ft J =Chpa t (e#*+e-**)l2) . (21) 

Applying the polynomial law: 

M 

s i=\ 

where 2D indicates the sum over all sets of integers s satisfying 

s 

Si>0, J2st=N. 
Expanding the binomial yields 

s i ki=0 

Let l i = 2k i —s ij so that 

Q=C2-«NWLftjt, ^1(^)1(^)1 ' (22) 

the li appearing in 2^ being those integers between —s t and +s f that make s t +li even. For 

i 

convenience, let 

h± i,,-(a^)|(a=i)I (23, 
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Then 

Q=C2-»N\j:(naW { nS«"^/[« f ±l t ] } , 

and the term in braces can be rewritten as 

M 

making 

Q=C r 2"^A r !SZ;na?^f , ^'/[*.±^]. ( 24 ) 

5 Z i 

Now in summing over Z, any set of values l ly l 2 . . . Im may be paired with the set of equal 
and opposite values. Because [s*±ZJ is even, the odd part of the exponential (sin ^^ZUfii) wm * 

not contribute to the sum, and we can write 

Q=G2-»Nl2}^mf*[8 i ±l i ]- 1 cos (siW+4' (25 > 

s I i V„ » J 

where w^ + 0* has been restored for ft. 

The term of frequency co* arises from values of l u l 2 , . . . / M that make ±w A =]^Z<w < , or 

i 

S/i«i+(fc±l)»*=0. (26) 

Mi 

If aW the integral linear relations among the frequencies are given by the "mixing processes," 

2>x«i=0 (£"12=0), (27) 

the coa; terms arise from 

lk=e P kH, 
and 

^^-^^SSnaHs^g-^Msdfe+i)]- 1 cos N+^+Sa) 

k s p i?±k j 

+a^[s k ±(e ph -l)]- 1 cos («%*+&-2>,A)}. (28) 
Expanding the, cosines, the expression in the braces becomes 
a£* cos («,*+*,) cos ('E,e P] J \[s k ±(e pk +l)}- l + [s k ±(e pk ~l)]- i } 

+<& sin («**+*») sin (S«»A){H»*:H^*+l)]~H-[«*±(^»+l)]~ 1 }• 

Recalling the definition (23) of [s±Z], the coefficients in braces can be simplified, making the 
final form of Q become 

(2= ( '2 -»N !ESEfn a'!V[^ ± «*] } <#[(«.+ 1) ± «J - ' 

He s p if*k 

{{s k +\) cos M+0*) cos (J2e Pj dj) + e pk sin M+0*) sin X> P A)}- ( 29 ) 

3 I 

Differentiating for I—Q, and writing a s k k =al k ' hl /a k for symmetry: 

A .v p I9*k 

{e pk cos (« fc t+0 4 ) sin (p p —(s k +l) sin (w fc £+0*) cos v? p }, (30) 
with ip p = ^j€ v fii. 

j 

231 



If we let 

s'i=s t i^k 

the summation X) with y^= N is the same as X) with y^=iV+l and the restriction s k ^> 

si s' i 

0. But if we let s' k =0, the coefficient of sin (co^-f 0*) vanishes, and [s' k ±e pJ ^\~ l vanishes unless 
e pk =0; but e pk =0 eliminates the cos (o) k t+d k ) term. Hence s k =0 contributes nothing, and 

I=C2-^\^J2^u k a k l {naV/[s' i ±e pi ] }{e pk cos (a k t+d k ) sin ip v -s' k sin (w k t+d k ) sin *>,}, (31) 

k p s' i 

with the integers s- >0, y>' : =iV+l. 

Noting that the coefficient of the cosine term can be summed over s' independently] of k, 
we define 

4,sSna?7[*;±^], (32) 

»' i / 

the strength of the ^)th process, and 

B Pk ^sM / [*;±^]=a* ^, (33) 

J=C2- A W!Z)Z)co A: a,7 1 {A^^ cos («**+&) sin <p p -B pk sin (co,*+0,) cos ^}. (34) 

fe p 



making 



The power absorbed at frequency & k is 

P k =\C2- N N\u k ^A p e pk sin <p p , (35) 

and if we write H p = ^^A p sin <p p , 

JV«*=S£W (36a) 

T$=HE. (36b) 

3. Order of Processes 

In eq (32) for A P , the nonvanishing terms are those for \e pi \ <s' u hence Skp<l <y^=AM-l 

i i 

and we define the order of a process to be ^2\e pi \ — 1. A Q=CV N device gives rise to processes 

i 

of order N, N—2, N—i, etc, because e pi must be of the same parity as s[. 

The result of a process of given order can be produced by the superposition of processes of 
other orders, introducing new frequencies for which P t =0. That is, high-order processes can 
be indirectly yielded by low-order devices by cascaded modulation, if suitable reactance loads 
are added to the circuit and d-c bias to obtain even-order processes from odd. By introducing 
dummy frequencies involving only reactive power, the result of any desired set of processes 
can be achieved using only simple nonlinear devices of the form Q=OV z . A constructive 
demonstration of this will constitute our proof of sufficiency. 

4. Redundancies 

The relation (36b) represents the net effect of all mixing processes, both the minimal set and 
the redundant ones. Partitioning into 

(37a) 

(37b) 



ft 


=HE 1 


¥»■ 


=HE 2 
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leaves redundancies in E u making it singular, so that H cannot be found from the given |J d , 
In certain special cases, the frequencies are such that there arc no redundant relations, and 
E=]E, so that H=$&='$ d e $ir l , if the processes of Ji are all of order N. Then the amplitudes 
a t can be chosen arbitrarily and the A p computed (one process for each derived frequency). 
The sin <p p are then known, and a sufficiently large choice of C will make t he <p p real. 

Because 

^=Ee=E 1 e d +E 2 e bf (38) 

the phases at base frequencies can be assigned, and the remainder are determined by 

e d =E; l (<f>-E 2 G b )=E{ l $+Me b . (39) 

Equation (34) yields both current components, so the sink impedances are readily computed. 
In the general case of mixed-order Ji, the introduction of additional derived frequencies 
with corresponding null components of p d can convert (17) into 

¥=H'B', (40) 

with E f of (say) third order, but the set of frequencies will usually allow redundant processes. 
Our plan of attack is to express the given ^ in terms of third-order processes alone, and to 
subdivide the resulting set of frequencies into subsets not possessing third-order redundancies. 
Then for these subsets, each complete Z?is also a minimal |T, and the subsets of mixing processes 
can be carried out by separate cubic capacitors, using common base-frequency sources. 

The only first-order process that is possible is the identity co z =co,, because the co were defined 
to be positive and distinct. Because a third-order device can produce only first- and third-order 
processes, the problem of enumerating producible processes among a set of frequencies is 
relatively straightforward. Although a second-order device has the same simplicity, using 
Q=CV 3 in the sufficiency proof automatically extends the sufficiency to (a) symmetrical 
devices and (b) devices with positive slope throughout. 

5. Minimal Third-Order Processes 

Instead of choosing the source frequencies as bases, we take suitable subharmonics of the 
sources, so that all derived frequencies will be integral harmonics and combinations. We start 
by expressing harmonics of co in terms of minimal third-order processes, i. e., third-order 
processes defining a set of frequencies not possessing any redundant processes of third order. 

For generating an odd harmonic, #ico, we take a sequence of odd harmonics O n oo generated by 



if integral, and otherwise 



O n+l =O n /3 (41) 

O n+1 =(O n ±l)/2, 



using the sign that makes O n+i odd. This procedure yields a sequence that can be generated 
from co by third-order processes in one and only one way. 

For an even harmonic, we again divide by 3 if possible, and repeat until we have an even 
term not containing 3 as a factor. We then start an odd series with 

O x ^=~^, 2 =E-O l 
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and continue down from 2 to co as before, but add zero (d-c) to the sequence. In reverse, we 
find that O x and E are generated by 

20 1 =0 2 ±1 

E=0 x +0 2 + {zevo). 

For combination tones, ^4co a +i?cd & + . . ., we partition the sum into a sum of three combi- 
nation tones, then repartition these in the same way, etc. A partial sum of two terms can be 
partitioned by using the artifice Ao) a +B(^ b =Ao) a +Bo3 b +0, as was done for even harmonics. 
The original combination tone can thus be reduced to nonredundant third-order processes that 
use harmonics of the base frequencies for starting points. These harmonics can then be 
reduced as before. 

6. Choice of Base Frequencies 

Our procedure for expressing various frequencies by minimal processes was based on those 
frequencies being integral harmonics. In terms of the original arbitrary base frequencies, we 
had 

Wdi = S^<i«6i> ( 2 ) 

i 
where ra are rational fractions. For each j, let the L.C.D. of the m^ be D^\ then 

uai = ^rijUbj/Djj, (43) 

where r fj are integers. Let the new bases be u Bj f = oibj/Djj so that 

Q d =RQ B , n b =DV B . (44) 

Some of the frequencies of co B are new frequencies (associated with zero power) and some may 
be members of the old sets co d and co & . All remaining members of w d and co & comprise the 
components of a new <a D : 

V D =^V B . (45) 

By the minimal process procedure of the previous section, the frequencies in co D may be associ- 
ated in sets 

az>i=c«iO*, (46) 

where m Hj are integers, so that the corresponding Ji z as determined by the procedure leading 

to (13) and (14) is 

&= | / 1 -ug~l (47) 

A given frequency may appear in several vectors o) Di . 

Let the voltages at frequencies appearing in co Dl be impressed on the Zth cubic capacitor, 
Q=CjV z . For each of these capacitors, the relation (16a) becomes 

and all components are known. Assigning arbitrary nonzero amplitudes to all voltages, the 
A tt are readily computed. The phases of the base frequencies can be assigned; for convenience 
we let each B!i =O. Then (39) and (35) yield 

e m =anr l 2 i 0> Dli /3\C,A l{ . 
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Using zero-impedance generators at all frequencies involved, their interconnections with the 
I capacitors is a trivial problem. 

It has been demonstrated that any modulation-distortion operation that satisfies the neces- 
sary conditions for lossless devices can be produced with nonlinear capacitors, and in particular, 
with cubic capacitors. The demonstration of sufficiency, however, utilized perfect generators. 
It would be more satisfying to demonstrate the operation using generators at only those 
frequencies at which the net power input is positive, and using passive linear impedances at 
all sink and null-power frequencies. This can be done for any given set of base frequencies; 
variation of frequencies may lead to variation of the strengths of the several mixing processes, 
depending on the reactance-versus-frequency behavior of the elements and the particular 
circuit configuration used. 

The discussion is simplest when there is only one base frequency; all sinks are rational 
harmonics of a given source. The procedure we have used for generating minimal processes 
was such that if any base harmonic was common to two minimal processes, all lower frequencies 
involved were also common. (Except for the d-c bias needed in some processes, which can 
be handled by connecting individual bias batteries immediately adjacent to the capacitors.) 
Thus an ordered tree of generators can be assembled, with various capacitors connected at 
appropriate points on the "trunk" or upright "limbs." Equation (34) gives both components 
of current at each frequency (for arbitrary assigned voltages), so impedances can be calculated 
for replacing all generators except the power source. The impedances for the null-power dummy 
frequencies will be purely reactive; those for sink frequencies will have positive resistance. By 
associating each sink with one capacitor only, all common impedances are purely reactive. 
The necessary reactances are computed from the base of the trunk upward, leaving the "termi- 
nal twigs" for sink loads and independent reactance adjustments. Such adjustments can be 
made for any given base frequency, but cannot be guaranteed for frequency variations. 

Because the general combination tones are sums and differences of harmonics of the bases, 
the harmonic-generating trees are to be interconnected with combination-tone sinks and their 
associated capacitors. In the case of harmonics that are both sink frequencies and steps in the 
development of combination tones, extra branches can be added to the harmonic-generating 
trees, so that the harmonic sink loads do not carry the harmonic current used in generating 
combination tones. Thus all mutual impedances can be made purely reactive, and all loads 
isolated. Thus the necessary relations among frequencies and powers are also sufficient for 
realization with cubic capacitors, at any set of incommensurate spot frequencies. 

7. Regeneration and Stability 

It is apparent from eq (19b) that in a given process power is absorbed by the capacitor at 
some frequencies and delivered at other frequencies, or that in each mixing process the capacitor 
presents positive and negative resistance components at various frequencies. At a given 
frequency, some processes may absorb energy, and some may deliver energy. At a frequency 
associated with passive impedance (no generator), any power dissipated in the impedance is 
the net power delivered at this frequency by the capacitor. The total effective resistance of 
the circuit at this frequency is zero. The impressed voltage at this frequency is zero and the 
current is uniquely determined by the processes; the circuit is stable. 

On the other hand, if for some processes the capacitor delivers power at the frequency of 
one of the generators, we call it a regenerative process; it presents negative resistance to the 
generator. If the total resistance so presented is zero or negative, the circuit is sometimes 
said to be unstable. 2 If a circuit is unstable in this sense, i. e., if it can supply power to an 



2 Manley & Rowo, op. cit., p. 
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external generator, then there is current at this frequency even in the absence of the generator. 
Hence the unstable frequency is merely any one of the frequencies generated by the network. 
If this frequency is a rational harmonic or combination tone of the other generators, the effect 
is entirely expected. But the unstable frequency may be incommensurate with all the source 
frequencies. In this case the network is said to oscillate. This condition occurs when the set 
of frequencies involved in mixing processes is such that the number of base frequencies exceeds 
the number of independent sources. Then by (19c) at least one frequency involving the 
excess base is associated with negative power (unless all such frequencies are associated with 
zero power, in which case the extra base is not needed). 

This type of oscillation can occur in systems that are ordinarily considered stable, i. e., one 
that exhibits bounded responses to all bounded driving forces, and possesses no free oscillations. 
The presence of such oscillations is, however, dependent on threshold values of generator 
voltages, because for sufficiently small generator voltages, only integral harmonics and combi- 
nation tones can appear. 3 

Washington, October 3, 1956. 



3 Unpublished work, to appear in J. Wash. Acad. Sei. 
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